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Abstract
In this paper, we introduce the methods for ﬁnding a common element of the set of
ﬁxed points of a κ-strictly pseudononspreading mapping and a ﬁnite family of the set
of solutions of variational inequality problems. The strong convergence theorem of
the proposed method is established under some suitable control conditions.
Moreover, by using our main result, we prove interesting theorem involving an
iterative scheme for ﬁnding a common element of the set of ﬁxed points of a
κ-strictly pseudononspreading mapping and a ﬁnite family of the set of ﬁxed points
of a κi-strictly pseudocontractive mappings.
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1 Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H . Recall that the map-
ping T : C → C is said to be nonexpansive if ‖Tx – Ty‖ ≤ ‖x – y‖ for all x, y ∈ C. In ,
Kohsaka and Takahashi [] introduced the nonspreading mapping in Hilbert spaces H
which is deﬁned as follows: ‖Tx – Ty‖ ≤ ‖Tx – y‖ + ‖x – Ty‖, ∀x, y ∈ C. Following the
terminology of Browder and Petryshyn [], in , Osilike and Isiogugu [] introduced
that the mapping T : C → C is called a κ-strictly pseudononspreading mapping if there
exists κ ∈ [, ) such that
‖Tx – Ty‖ ≤ ‖x – y‖ + κ∥∥(I – T)x – (I – T)y∥∥ + 〈x – Tx, y – Ty〉
for all x, y ∈ C. Clearly every nonspreadingmapping is κ-strictly pseudononspreading; see,
for example, []. A point x ∈ C is called a ﬁxed point of T if Tx = x. The set of ﬁxed points
of T is denoted by F(T) = {x ∈ C : Tx = x}.
Let A : C →H . The variational inequality problem is to ﬁnd a point u ∈ C such that
〈Au, v – u〉 ≥  (.)
for all v ∈ C. The set of solutions of (.) is denoted by VI(C,A).
The variational inequality has emerged as a fascinating and interesting branch of math-
ematical and engineering sciences with a wide range of applications in industry, ﬁnance,
economics, social, ecology, regional, pure and applied sciences; see, e.g., [–].
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Amapping A of C into H is called α-inverse strongly monotone (see []) if there exists a
positive real number α such that
〈x – y,Ax –Ay〉 ≥ α‖Ax –Ay‖
for all x, y ∈ C.
In , Takahashi andToyoda [] proved a convergence theorem for ﬁnding a common
element of the set of ﬁxed points of nonexpansive mappings and the set of solutions of
variational inequalities for α-inverse strongly monotone mappings as follows.
Theorem . Let K be a closed convex subset of a real Hilbert space H. Let α > . Let A be
an α-inverse strongly monotonemapping of K into H , and let S be a nonexpansive mapping
of K into itself such that F(S) ∩ VI(K ,A) = ∅. Let {xn} be a sequence generated by x ∈ K
and
xn+ = αnxn + ( – αn)SPC(I – λnA)xn
for every n = , , , . . . , where {λn} ⊂ [a,b] for some a,b ∈ (, α) and {αn} ⊂ [c,d]
for some c,d ∈ (, ). Then {xn} converges weakly to z = F(S) ∩ VI(K ,A), where z =
limn→∞ PF(S)∩VI(K ,A)xn.
Recently, Osilike and Isiogugu [] proved strong convergence theorems for strictly
pseudononspreading mappings as follows.
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space and let
T : C → C be a κ-strictly pseudononspreading mapping with a nonempty ﬁxed point set
F(T). Let β ∈ [k, ) and let {αn}∞n= be a real sequence in [, ) such that limn→∞ αn =  and∑∞
n= αn = ∞. Let u ∈ C and let {xn}∞n= and {zn}∞n= be sequences in C generated from an
arbitrary x ∈ C by
⎧⎨
⎩
xn+ = αnu + ( – αn)zn, ∀n≥ ,
zn = n
∑n–
k=Tkβxn, ∀n≥ ,
where Tβ = βI + (–β)T . Then {xn}∞n= and {zn}∞n= converge strongly to PF(T)u,where PF(T) :
H → F(T) is the metric projection of H onto F(T).
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space and let T :
C → C be a κ-strictly pseudononspreading mapping with a nonempty ﬁxed point set F(T).
Let β ∈ [k, ) and let Tβ = βI + ( – β)T . Let {αn}∞n= be a real sequence in [, ) satisfying
the conditions
(C) limn→∞ αn =  and
(C)
∑∞
n= αn =∞.
Let u ∈ C be a ﬁxed anchor in C and let {xn}∞n= be a sequence in C generated from an
arbitrary x ∈ C by
xn+ = αnu + ( – αn)Tβxn, n≥ . (.)
Then {xn}∞n= converges strongly to a ﬁxed point p of T .
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Inspired and motivated by [] and the research in the same direction, we prove a
strong convergence theorem of κ-strictly pseudononspreading mappings and introduce
the methods for ﬁnding a common element of the set of ﬁxed points of a κ-strictly
pseudononspreading mapping and a ﬁnite family of the set of solutions of variational in-
equality problems. Moreover, by using our main result, we prove an interesting theorem
involving an iterative scheme for ﬁnding a common element of the set of ﬁxed points of
κ-strictly pseudononspreading mappings and a ﬁnite family of the set of ﬁxed points of
κi-strictly pseudocontractive mappings.
2 Preliminaries
We need the following lemmas to prove our main result. Let H be a real Hilbert space
and let C be a nonempty closed convex subset of H , let PC be the metric projection of H
onto C, i.e., for x ∈H , PCx satisﬁes the property
‖x – PCx‖ =miny∈C ‖x – y‖.
The following characterizes the projection PC .
Lemma . (See []) Given x ∈ H and y ∈ C. Then PCx = y if and only if the following
inequality holds:
〈x – y, y – z〉 ≥ , ∀z ∈ C.
Lemma . (See []) Let H be a Hilbert space, let C be a nonempty closed convex subset
of H and let A be a mapping of C into H . Let u ∈ C. Then, for λ > ,
u = PC(I – λA)u ⇔ u ∈ VI(C,A),
where PC is the metric projection of H onto C.
Lemma . (See []) Let {sn} be a sequence of nonnegative real numbers satisfying
sn+ = ( – αn)sn + δn, ∀n≥ ,
where {αn} is a sequence in (, ) and {δn} is a sequence such that
()
∑∞
n= αn =∞,
() lim supn→∞ δnαn ≤  or
∑∞
n= |δn| <∞.
Then limn→∞ sn = .
Lemma . (See []) Let {sn} be a sequence of nonnegative real numbers satisfying
sn+ = ( – αn)sn + αnβn, ∀n≥ ,
where {αn}, {βn} satisfy the conditions
() {αn} ⊂ [, ],∑∞n= αn =∞,
() lim supn→∞ βn ≤  or
∑∞
n= |αnβn| <∞.
Then limn→∞ sn = .
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Lemma . (See []) Let E be a uniformly convex Banach space, let C be a nonempty
closed convex subset of E and let S : C → C be a nonexpansive mapping. Then I – S is
demi-closed at zero.
In , Kangtunykarn and Suantai [] deﬁned an S-mapping and proved their lemmas
as follows.
Deﬁnition . Let C be a nonempty convex subset of a real Banach space. Let {Ti}Ni= be
a ﬁnite family of nonexpanxive mappings of C into itself. For each j = , , . . . ,N , let αj =
(αj,α
j
,α
j
) ∈ I × I × I , where I ∈ [, ] and αj + αj + αj = . Deﬁne the mapping S : C → C
as follows:
U = I,
U = αTU + αU + αI,
U = αTU + αU + αI,
U = αTU + αU + αI,
...
UN– = αN– TN–UN– + αN– UN– + αN– I,
S =UN = αN TNUN– + αN UN– + αN I.
(.)
This mapping is called an S-mapping generated by T,T, . . . ,TN and α,α, . . . ,αN .
Lemma . Let C be a nonempty closed convex subset of strictly convex Banach space. Let
{Ti}Ni= be a ﬁnite family of nonexpanxive mappings of C into itself with
⋂N
i= F(Ti) = ∅ and
let αj = (αj,α
j
,α
j
) ∈ I × I × I , j = , , , . . . ,N , where I = [, ], αj + αj + αj = , αj ∈ (, )
for all j = , , . . . ,N – , αN ∈ (, ], αj,αj ∈ [, ) for all j = , , . . . ,N . Let S be a mapping
generated by T,T, . . . ,TN and α,α, . . . ,αN . Then F(S) =
⋂N
i= F(Ti).
Remark . It is easy to see that the mapping S is a nonexpansive mapping.
Lemma . Let C be a nonempty closed convex subset of H . Let T : C → C be a κ-strictly
pseudononspreading mapping with F(T) = ∅. Then F(T) = VI(C, (I – T)).
Proof It is easy to see that F(T) ⊆ VI(C, (I – T)). Put A = I – T . Let z ∈ VI(C,A) and z∗ ∈
F(T). Since z ∈ VI(C,A), we have
〈
y – z, (I – T)z
〉≥ , ∀y ∈ C. (.)
Since T is a κ-strictly pseudononspreading mapping, we have
∥∥Tz – Tz∗∥∥ = ∥∥(I –A)z – (I –A)z∗∥∥
=
∥∥(z – z∗) – (Az –Az∗)∥∥
=
∥∥z – z∗∥∥ + ∥∥Az –Az∗∥∥ – 〈z – z∗,Az –Az∗〉
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=
∥∥z – z∗∥∥ + ‖Az‖ – 〈z – z∗,Az〉
≤ ∥∥z – z∗∥∥ + κ∥∥(I – T)z – (I – T)z∗∥∥ + 〈z – Tz, z∗ – Tz∗〉
=
∥∥z – z∗∥∥ + κ∥∥(I – T)z∥∥,
which implies that
 – κ
 ‖z – Tz‖
 ≤ 〈z – z∗, (I – T)z〉
= –
〈
z∗ – z, (I – T)z
〉
≤ .
Then we have z ∈ F(T). Therefore VI(C, (I – T)) ⊆ F(T). Hence VI(C, (I – T)) = F(T).

Remark . From Lemmas . and ., we have F(T) = F(PC(I – λ(I – T))), ∀λ > .
Example . Let T : [–, ]→ [–, ] be deﬁned by
Tx =
⎧⎨
⎩
x+
 if x ∈ [, ],
–x
 if x ∈ [–, ).
To see that T is κ-strictly pseudononspreading, if for all x, y ∈ [, ], then we have Tx = x+
and Ty = y+ . From the deﬁnition of T , we have
|Tx – Ty| =
∣∣∣∣x +  –
y + 

∣∣∣∣

=  |x – y|
,
∣∣(I – T)x – (I – T)y∣∣ = ∣∣x – Tx – (y – Ty)∣∣
=
∣∣∣∣x – x +  –
(
y – y + 
)∣∣∣∣

=
∣∣∣∣x –  –
y – 

∣∣∣∣

=
∣∣∣∣x – y
∣∣∣∣

=  |x – y|
 ≥ 
and
〈x – Tx, y – Ty〉 = 
〈
x – x +  , y –
y + 

〉
= 
〈x – 
 ,
y – 

〉
= (x – )(y – )≥ . (Since ≤ x, y≤ , (x – )(y – )≥ .)
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From the above, then there exists κ ∈ [, ) such that
|x – y| + κ∣∣(I – T)x – (I – T)y∣∣ + 〈x – Tx, y – Ty〉 ≥ |x – y|
≥  |x – y|

= |Tx – Ty|.
For every x, y ∈ [–, ), we have Tx = –x , Ty = –y . From the deﬁnition of T , we have
|Tx – Ty| =
∣∣∣∣ – x –
 – y

∣∣∣∣

=
∣∣∣∣y – x
∣∣∣∣

=  |x – y|
,
∣∣(I – T)x – (I – T)y∣∣ = ∣∣x – Tx – (y – Ty)∣∣
=
∣∣∣∣x –  – x –
(
y –  – y
)∣∣∣∣

=
∣∣∣∣x –  – (y – )
∣∣∣∣

=  |x – y|
 ≥ 
and
〈x – Tx, y – Ty〉 = 
〈
x –  – x , y –
 – y

〉
= 
〈x – 
 ,
y – 

〉
= (x – )(y – )
= 
(
x(y – ) – (y – )
)
= (xy – x – y + )
> . (Since –≤ x, y < , xy, –x, –y > .)
From the above, then there exists κ ∈ [, ) such that
|x – y| + κ∣∣(I – T)x – (I – T)y∣∣ + 〈x – Tx, y – Ty〉 > |x – y|
≥  |x – y|

= |Tx – Ty|.
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Finally, for every x ∈ [, ] and y ∈ [–, ), we have Tx = x+ and Ty = –y . From the deﬁni-
tion of T , we have
|Tx – Ty| =
∣∣∣∣x +  –
 – y

∣∣∣∣

=  |x + y|
,
∣∣(I – T)x – (I – T)y∣∣ = ∣∣x – Tx – (y – Ty)∣∣
=
∣∣∣∣x – x +  –
(
y –  – y
)∣∣∣∣

=
∣∣∣∣x –  – (y – )
∣∣∣∣

=  |x – y|
 ≥ 
and
〈x – Tx, y – Ty〉 = 
〈
x – x +  , y –
 – y

〉
= 
〈x – 
 ,
y – 

〉
= (x – )(y – )
= 
(
y(x – ) – (x – )
)
= 
(
y(x – ) + ( – x)
)≥ .
(Since ≤ x≤  and –≤ y < , then y(x – ), ( – x)≥ .)
From the above, then there exists κ ∈ [, ) such that
|x – y| + κ∣∣(I – T)x – (I – T)y∣∣ + 〈x – Tx, y – Ty〉 ≥ |x – y|
= x – xy + y
= x + xy + y – xy
≥ (x + y) (Since –xy≥ .)
≥  |x + y|

= |Tx – Ty|.
Then, for all x, y ∈ [–, ], we have
|Tx – Ty| ≤ |x – y| + κ∣∣(I – T)x – (I – T)y∣∣ + 〈x – Tx, y – Ty〉
for some κ ∈ [, ). Hence T is a κ-strictly pseudononspreading mapping. Observe that
 ∈ F(T). From Lemma ., we have  ∈ VI([–, ], I – T).
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3 Main results
Theorem . Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H . For every i = , , . . . ,N , let Bi : C → H be δi-inverse strongly monotone mappings
and let T : C → C be a κ-strictly pseudononspreading mapping for some κ ∈ [, ). Let
Gi : C → C be deﬁned by Gix = PC(I – ηBi)x for every x ∈ C and η ∈ (, δi) for every i =
, , . . . ,N , and let δj = (αj,α
j
,α
j
) ∈ I × I × I , j = , , , . . . ,N , where I = [, ], αj +αj +αj =
, αj ∈ (, ) for all j = , , . . . ,N – , αN ∈ (, ], αj,αj ∈ [, ) for all j = , , . . . ,N . Let
S : C → C be the S-mapping generated by G,G, . . . ,GN and δ, δ, . . . , δN . Assume that
F = F(T) ∩ ⋂Ni=VI(C,Bi) = ∅. For every n ∈ N, i = , , . . . ,N , let x,u ∈ C and {xn} be a
sequence generated by
xn+ = αnu + βnPC
(
I – λn(I – T)
)
xn + γnSxn, ∀n ∈N, (.)
where {αn}, {βn}, {γn}, {λn} ⊂ (, ) such that αn + βn + γn = , βn ∈ [c,d] ⊂ (, ), {λn} ⊂
(,  – κ) and suppose the following conditions hold:
(i) limn→∞ αn =  and
∑∞
n= αn =∞,
(ii)
∑∞
n= λn <∞,
(iii)
∑∞
n= |λn+ – λn|,
∑∞
n= |γn+ – γn|,
∑∞
n= |αn+ – αn|,
∑∞
n= |βn+ – βn| <∞.
Then the sequence {xn} converges strongly to z = PFu.
Proof Let x∗ ∈ F. First, we show that ‖PC(I – λnA)xn – x∗‖ ≤ ‖xn – x∗‖, where A = I – T .
FromRemark ., we have x∗ ∈ F(PC(I –λnA)). From the nonexpansiveness of PC , we have
∥∥PC(I – λnA)xn – x∗∥∥ = ∥∥PC(I – λnA)xn – PC(I – λnA)x∗∥∥
≤ ∥∥(I – λnA)xn – (I – λnA)x∗∥∥. (.)
Since T is a κ-strictly pseudononspreading mapping and A = I – T , we have
∥∥Txn – Tx∗∥∥ = ∥∥(I –A)xn – (I –A)x∗∥∥
=
∥∥(xn – x∗) – (Axn –Ax∗)∥∥
=
∥∥xn – x∗∥∥ – 〈xn – x∗,Axn〉 + ‖Axn‖
≤ ∥∥xn – x∗∥∥ + κ∥∥Axn –Ax∗∥∥ + 〈Axn,Ax∗〉
=
∥∥xn – x∗∥∥ + κ‖Axn‖,
which implies that
( – κ)‖Axn‖ ≤ 
〈
xn – x∗,Axn
〉
. (.)
From (.), we have
∥∥(I – λnA)xn – (I – λnA)x∗∥∥ = ∥∥(xn – x∗) – λn(Axn –Ax∗)∥∥
=
∥∥xn – x∗∥∥ – λn〈xn – x∗,Axn〉 + λn‖Axn‖
≤ ∥∥xn – x∗∥∥ – λn( – κ)‖Axn‖ + λn‖Axn‖
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=
∥∥xn – x∗∥∥ – λn(( – κ) – λn)‖Axn‖
≤ ∥∥xn – x∗∥∥. (.)
From (.) and (.), we can imply that
∥∥PC(I – λnA)xn – x∗∥∥≤ ∥∥xn – x∗∥∥. (.)
Next, we will show that themappingGi is a nonexpansivemapping for every i = , , . . . ,N .
Let x, y ∈ H . Since Bi is δi-inverse strongly monotone and  < η < δi, for every i =
, , . . . ,N , we have
∥∥(I – ηBi)x – (I – ηBi)y∥∥ = ∥∥x – y – η(Bix – Biy)∥∥
= ‖x – y‖ – η〈x – y,Bix – Biy〉 + η‖Bix – Biy‖
≤ ‖x – y‖ – δiη‖Bix – Biy‖ + η‖Bix – Biy‖
= ‖x – y‖ + η(η – δi)‖Bix – Biy‖
≤ ‖x – y‖. (.)
Thus (I – ηBi) is a nonexpansive mapping for every i = , , . . . ,N . The proof of the above
result can be also found in Imnang and Suantai []. From the deﬁnition ofGi, we haveGi =
PC(I – ηBi) are nonexpansive mappings for all i = , , . . . ,N . Since x∗ ∈ F, by Lemma .,
we have
x∗ =Gix∗ = PC(I – ηBi)x∗, ∀i = , , . . . ,N . (.)
From Lemma ., we have x∗ ∈ F(S). Next, we will show that {xn} is bounded. From the
deﬁnition of xn and (.), we have
∥∥xn+ – x∗∥∥ = ∥∥αn(u – x∗) + βn(PC(I – λn(I – T))xn – x∗) + γn(Sxn – x∗)∥∥
≤ αn
∥∥u – x∗∥∥ + βn∥∥PC(I – λn(I – T))xn – x∗∥∥ + γn∥∥Sxn – x∗∥∥
≤ αn
∥∥u – x∗∥∥ + ( – αn)∥∥xn – x∗∥∥. (.)
Put K =max{‖u– x∗‖,‖x – x∗‖}. From (.) we can show by induction that ‖xn – x∗‖ ≤ K ,
∀n ∈N. This implies that {xn} is bounded and so are {Sxn}, {PC(I – λn(I –T))xn}. Next, we
will show that
∥∥Txn – x∗∥∥≤  + κ – κ
∥∥xn – x∗∥∥. (.)
Since T is κ-strictly pseudononspreading, we have
∥∥Txn – x∗∥∥ ≤ ∥∥xn – x∗∥∥ + κ∥∥(I – T)xn – (I – T)x∗∥∥ + 〈xn – Txn,x∗ – Tx∗〉
=
∥∥xn – x∗∥∥ + κ∥∥(xn – x∗) – (Txn – x∗)∥∥
=
∥∥xn – x∗∥∥ + κ(∥∥xn – x∗∥∥ + ∥∥Txn – x∗∥∥ – 〈xn – x∗,Txn – x∗〉),
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which implies that
( – κ)
∥∥Txn – x∗∥∥ ≤ ( + κ)∥∥xn – x∗∥∥ + κ∥∥xn – x∗∥∥∥∥Txn – x∗∥∥. (.)
Putting A = ‖Txn – x∗‖ and B = ‖xn – x∗‖ in (.), we have
 ≥ ( – κ)A – ( + κ)B – κAB
= ( – κ)A – κAB –
(
( + κ)B + κAB
)
= ( – κ)A – κAB +AB –
(
( + κ)B + κAB +AB
)
= ( – κ)
(
A +AB
)
–
(
( + κ)
(
B +AB
))
= ( – κ)A(A + B) –
(
( + κ)B(B +A)
)
,
which implies that
A≤  + κ – κ B. (.)
From (.) we have (.). Since ‖xn–x∗‖ ≤ K , ∀n ∈N and (.), we have {Txn} is bounded.
Next, we will show that
lim
n→∞‖xn+ – xn‖ = . (.)
From the deﬁnition of xn, we have
‖xn+ – xn‖ ≤
∥∥αnu + βnPC(I – λn(I – T))xn + γnSxn
– αn–u – βn–PC
(
I – λn–(I – T)
)
xn– – γn–Sxn–
∥∥
=
∥∥αnu + βnPC(I – λn(I – T))xn – βnPC(I – λn–(I – T))xn–
+ βnPC
(
I – λn–(I – T)
)
xn– + γnSxn – γnSxn– + γnSxn–
– αn–u – βn–PC
(
I – λn–(I – T)
)
xn– – γn–Sxn–
∥∥
≤ |αn – αn–|‖u‖ + βn
∥∥PC(I – λn(I – T))xn – PC(I – λn–(I – T))xn–∥∥
+ |βn – βn–|
∥∥PC(I – λn–(I – T))xn–∥∥ + γn‖Sxn – Sxn–‖
+ |γn – γn–|‖Sxn–‖
≤ |αn – αn–|‖u‖ + βn
∥∥(xn – xn–) – λn(I – T)xn + λn(I – T)xn–
– λn(I – T)xn– + λn–(I – T)xn–
∥∥
+ |βn – βn–|
∥∥PC(I – λn–(I – T))xn–∥∥
+ γn‖xn – xn–‖ + |γn – γn–|‖Sxn–‖
≤ |αn – αn–|‖u‖ + βn
(‖xn – xn–‖ + λn∥∥(I – T)xn – (I – T)xn–∥∥
+ |λn – λn–|
∥∥(I – T)xn–∥∥) + |βn – βn–|∥∥PC(I – λn–(I – T))xn–∥∥
+ γn‖xn – xn–‖ + |γn – γn–|‖Sxn–‖
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≤ |αn – αn–|L + ( – αn)‖xn – xn–‖ + λnL
+ |λn – λn–|L + |βn – βn–|L + |γn – γn–|L, (.)
where L =maxn∈N{‖u‖,‖(I –T)xn – (I –T)xn–‖,‖(I –T)xn‖,‖PC(I –λn(I –T))xn‖,‖Sxn‖}.
From Lemma . and conditions (i)-(iii), we have (.). Next, we will show that
lim
n→∞
∥∥xn – PC(I – λn(I – T))xn∥∥ = . (.)
From the deﬁnition of xn and (.), we have
∥∥xn+ – x∗∥∥ = ∥∥αn(u – x∗) + βn(PC(I – λn(I – T))xn – x∗) + γn(Sxn – x∗)∥∥
≤ αn
∥∥u – x∗∥∥ + βn∥∥PC(I – λn(I – T))xn – x∗∥∥ + γn∥∥Sxn – x∗∥∥
– βnγn
∥∥PC(I – λn(I – T))xn – Sxn∥∥
≤ αn
∥∥u – x∗∥∥ + ( – αn)∥∥xn – x∗∥∥
– βnγn
∥∥PC(I – λn(I – T))xn – Sxn∥∥
≤ αn
∥∥u – x∗∥∥ + ∥∥xn – x∗∥∥
– βnγn
∥∥PC(I – λn(I – T))xn – Sxn∥∥,
which implies that
βnγn
∥∥PC(I – λn(I – T))xn – Sxn∥∥ ≤ αn∥∥u – x∗∥∥ + ∥∥xn – x∗∥∥ – ∥∥xn+ – x∗∥∥
≤ αn
∥∥u – x∗∥∥ + (∥∥xn – x∗∥∥
+
∥∥xn+ – x∗∥∥)‖xn+ – xn‖. (.)
From (.) and (.), we have
lim
n→∞
∥∥PC(I – λn(I – T))xn – Sxn∥∥ = . (.)
Since
xn+ –PC
(
I –λn(I–T)
)
xn = αn
(
u–PC
(
I –λn(I –T)
)
xn
)
+γn
(
Sxn–PC
(
I –λn(I –T)
)
xn
)
,
from condition (i) and (.), we have
lim
n→∞
∥∥xn+ – PC(I – λn(I – T))xn∥∥ = . (.)
Since
∥∥xn – PC(I – λn(I – T))xn∥∥≤ ‖xn – xn+‖ + ∥∥xn+ – PC(I – λn(I – T))xn∥∥,
from (.) and (.), we have (.). Since
xn+ – xn = αn(u – xn) + βn
(
PC
(
I – λn(I – T)
)
xn – xn
)
+ γn(Sxn – xn),
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from condition (i) (.) and (.), we have
lim
n→∞‖Sxn – xn‖ = . (.)
Next, we will show that
lim sup
n→∞
〈u – z,xn – z〉 ≤ , (.)
where z = PFu. To show this equality, take a subsequence {xnm} of {xn} such that
lim sup
n→∞
〈u – z,xn – z〉 = limm→∞〈u – z,xnm – z〉. (.)
Without loss of generality, we may assume that xnm ⇀ ω as m → ∞ where ω ∈ C. We
shall show that ω ∈ F(T). From Remark ., we have F(T) = F(PC(I –λnm (I –T))). Assume
that ω = PC(I – λnm (I – T))ω. Since xnm ⇀ω as m → ∞, by Opial’s property, (.) and
condition (ii), we have
lim inf
m→∞ ‖xnm –ω‖ < lim infm→∞
∥∥xnm – PC(I – λnm (I – T))ω∥∥
≤ lim inf
m→∞
(∥∥xnm – PC(I – λnm (I – T))xnm∥∥
+
∥∥PC(I – λnm (I – T))xnm – PC(I – λnm (I – T))ω∥∥)
≤ lim inf
m→∞
(∥∥xnm – PC(I – λnm (I – T))xnm∥∥
+ ‖xnm –ω‖ + λnm
∥∥(I – T)xnm – (I – T)ω∥∥)
≤ lim inf
m→∞ ‖xnm –ω‖.
This is a contradiction. Then ω ∈ F(T). From (.), we have
lim
m→∞‖Sxnm – xnm‖ = .
From the nonexpansiveness of S, xnm ⇀ω asm→ ∞ and Lemma ., we can imply that
ω ∈ F(S). (.)
Since PC(I – ηBi)x =Gix for every x ∈ C and i = , , . . . ,N , by Lemma ., we have
VI(C,Bi) = F
(
PC(I – ηBi)
)
= F(Gi), ∀i = , , . . . ,N .
By Lemma ., we have
F(S) =
N⋂
i=
F(Gi) =
N⋂
i=
VI(C,Bi). (.)
From (.) and (.), we haveω ∈⋂Ni=VI(C,Bi). Henceω ∈ F. Since xnm ⇀ω asm→ ∞
and ω ∈ F, we have
lim sup
n→∞
〈u – z,xn – z〉 = limm→∞〈u – z,xnm – z〉 = 〈u – z,ω – z〉 ≤ .
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Finally, we show that {xn} converges strongly to z = PFu. From the deﬁnition of xn and
(.), we have
‖xn+ – z‖ =
∥∥αn(u – z) + βn(PC(I – λn(I – T))xn – z) + γn(Sxn – z)∥∥
≤ ∥∥βn(PC(I – λn(I – T))xn – z) + γn(Sxn – z)∥∥
+ 
〈
αn(u – z),xn+ – z
〉
≤ βn
∥∥PC(I – λn(I – T))xn – z∥∥ + γn‖Sxn – z‖
+ αn〈u – z,xn+ – z〉
≤ ( – αn)‖xn – z‖ + αn〈u – z,xn+ – z〉.
From (.) and Lemma ., we have {xn} converges strongly to z = PFu. This completes
the proof. 
The following result can be obtained from Theorem .. We, therefore, omit the proof.
Corollary . Let C be a nonempty closed convex subset of a real Hilbert space H . Let
B : C → H be a δ-inverse strongly monotone mapping and let T : C → C be a κ-strictly
pseudononspreading mapping for some κ ∈ [, ).Assume that F = F(T)∩VI(C,B) = ∅. For
every n ∈N, let x,u ∈ C and {xn} be a sequence generated by
xn+ = αnu + βnPC
(
I – λn(I – T)
)
xn + γnPC(I – ηB)xn, ∀n ∈N, (.)
where {αn}, {βn}, {γn}, {λn} ⊂ (, ) such that αn +βn +γn = , βn ∈ [c,d]⊂ (, ), λn ⊂ (, –
κ), and η ∈ (, δ), and suppose that the following conditions hold:
(i) limn→∞ αn =  and
∑∞
n= αn =∞,
(ii)
∑∞
n= λn <∞,
(iii)
∑∞
n= |λn+ – λn|,
∑∞
n= |γn+ – γn|,
∑∞
n= |αn+ – αn|,
∑∞
n= |βn+ – βn| <∞.
Then the sequence {xn} converges strongly to z = PFu.
4 Application
In this section, by using ourmain result, we prove strong a convergence theorem involving
a strictly pseudononspreading mapping and a ﬁnite family of strictly pseudocontractive
mappings. Before proving the next theorem, we need the following deﬁnition.
Deﬁnition . The mapping T : C → C is said to be strictly pseudocontractive [] with
the coeﬃcient κ ∈ [, ) if
‖Tx – Ty‖ ≤ ‖x – y‖ + κ∥∥(I – T)x – (I – T)y∥∥ ∀x, y ∈ C. (.)
Remark . If C is a nonempty closed convex subset of H and T : C → C is a κ-strictly
pseudocontractive mapping with F(T) = ∅, then F(T) = VI(C, (I – T)). To show this, put
A = I –T . Let z ∈ VI(C, (I –T)) and z∗ ∈ F(T). Since z ∈ VI(C, (I –T)), 〈y– z, (I –T)z〉 ≥ ,
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∀y ∈ C. Since T : C → C is a κ-strictly pseudocontractive mapping, we have
∥∥Tz – Tz∗∥∥ = ∥∥(I –A)z – (I –A)z∗∥∥ = ∥∥z – z∗ – (Az –Az∗)∥∥
=
∥∥z – z∗∥∥ – 〈z – z∗,Az –Az∗〉 + ∥∥Az –Az∗∥∥
=
∥∥z – z∗∥∥ – 〈z – z∗, (I – T)z〉 + ∥∥(I – T)z∥∥
≤ ∥∥z – z∗∥∥ + κ∥∥(I – T)z∥∥.
It implies that
( – κ)
∥∥(I – T)z∥∥ ≤ 〈z – z∗, (I – T)z〉≤ .
Then we have z = Tz, therefore z ∈ F(T). Hence VI(C, (I –T))⊆ F(T). It is easy to see that
F(T)⊆ VI(C, (I – T)).
Remark . A = I – T is a –κ -inverse strongly monotone mapping. To show this, let
x, y ∈ C, we have
‖Tx – Ty‖ = ∥∥(I –A)x – (I –A)y∥∥ = ∥∥x – y – (Ax –Ay)∥∥
= ‖x – y‖ – 〈x – y,Ax –Ay〉 + ‖Ax –Ay‖
≤ ‖x – y‖ + κ∥∥(I – T)x – (I – T)y∥∥
= ‖x – y‖ + κ‖Ax –Ay‖.
Then we have
〈x – y,Ax –Ay〉 ≥  – κ ‖Ax –Ay‖
.
Theorem . Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H . Let Tki : C → C be κi-strictly pseudocontractive mappings for every i = , , . . . ,N ,
and let T : C → C be a κ-strictly pseudononspreading mapping for some κ ∈ [, ). Let
Fi : C → C be deﬁned by PC(I – η(I – Tki ))x = Fix for every x ∈ C and η ∈ (,  – κi) for
every i = , , . . . ,N , and let δj = (αj,α
j
,α
j
) ∈ I × I × I , j = , , , . . . ,N , where I = [, ],
α
j
 + α
j
 + α
j
 = , α
j
 ∈ (, ) for all j = , , . . . ,N – , αN ∈ (, ], αj,αj ∈ [, ) for all j =
, , . . . ,N . Let S : C → C be the S-mapping generated by F,F, . . . ,FN and δ, δ, . . . , δN .
Assume that F = F(T) ∩⋂Ni= F(Tki ) = ∅. For every n ∈ N, i = , , . . . ,N , let x,u ∈ C and
{xn} be a sequence generated by
xn+ = αnu + βnPC
(
I – λn(I – T)
)
xn + γnSxn, ∀n ∈N,
where {αn}, {βn}, {γn}, {λn} ⊂ (, ) such that αn +βn +γn = , βn ∈ [c,d]⊂ (, ), λn ⊂ (, –
κ) and suppose that the following conditions hold:
(i) limn→∞ αn =  and
∑∞
n= αn =∞,
(ii)
∑∞
n= λn <∞,
(iii)
∑∞
n= |λn+ – λn|,
∑∞
n= |γn+ – γn|,
∑∞
n= |αn+ – αn|,
∑∞
n= |βn+ – βn| <∞.
Then the sequence {xn} converges strongly to z = PFu.
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Proof From Remark ., we have I – Tki is
–κi
 -inverse strongly monotone for every i =
, , . . . ,N . From Remark . and Lemma ., we have F(Tki ) = VI(C, (I – Tki )) = F(PC(I –
η(I – Tki ))) for every i = , , . . . ,N . Put I – Tki ≡ Bi and δi = –κi for every i = , , . . . ,N in
Theorem .. The conclusion of Theorem . can be obtained from Theorem . 
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